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Fair Bet Casino Problem

Dealer flips a coin and player bets on outcome

Dealer use either a fair coin (head and tail

equally likely) or a biased coin (head with
probability 3/4)

Can you guess which of the following sequences are generated by a fair
coin, and which ones with a biased one ?

| HTHHHHHTHTHTTTTHHTHTTTHHTTTHHHTHHTTTHTTT

2 THTHHHTHHHHHTHTTHHHTHHHHHHHHHHHTHHHHHHH

3 HHTHTTHHHTTHHTTTHHHHHHHTHTHHHTHHHHHHHHH



Fair Bet Casino Problem

Dealer flips a coin and player bets on outcome

Dealer use either a fair coin (head and tail

equally likely) or a biased coin (head with
probability 3/4)

| HTHHHHHTHTHTTTTHHTHTTTHHTTTHHHTHHTTTHTTT 19/40

2 THTHHHTHHHHHTHTTHHHTHHHHHHHHHHHTHHHHHHH  31/40

3 HHTHTTHHHTTHHTTTHHHHHHHTHTHHHTHHHHHHHHH  28/40



Fair Bet Casino Problem

The dealer changes the coin occasionally

HTHTTHHTHTHTTTTHHTHTTTHHTTTHHHTHHTTTHTTTTHTHH
HTHHHHHTHTTHHHTHHHHHHHHHHHTHHHHHHHHHTHTTHHH
TTHHTTTHHHHHHHTHTHHHTHHHHHHHHHHTHTHTTTHTTHHH
HTHHTHTTHHHTHTTTTHTHTHTHHH

Can you guess which parts the fair coin was used,
and in which parts the Biased coin was used ?



Fair Bet Casino Problem

The dealer changes the coin occasionally

HTHTTHHTHTHTTTTHHTHTTTHHTTTHHHTHHTTTHTTTTHTHH

HTHHHHHTHTTHHHTHHHHHHHHHHHTHHHHHHHHHTHTTHHH
TTHHTTTHHHHHHHTHTHHHTHHHHHHHHHHTHTHTTTHTTHHH
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Fair Bet Casino Problem : multiple
hypothesis testing

* [s the following sequence coming from a fair (1/2,1/2) coin, or a
biased (3/4,1/4) coin ?

HTHHHHHTHTHTTTTHHTHTTTHHTTTHHHTHHTTTHTTT 19/40

Hypothesis 1 : Fair coin (1/2,1/2)

Hypothesis 2 : Biased coin (3/4,1/4)

* Which of the two hypothesisis more likely to happen ?



Lets compue the probabilities

* Consider sequence HTH
* What is the likelihood of HTH under fair coin hypothesis?

* What is the likelihood of HTH under biased coin hypothesis?

* Which of the two hypothesisis more likely ?



Lets compute the probabilities

 P(HTH|fair) = P(H|fair).P(T|fair).P(H|fair) = 1/2.1/2.1/2=1/8

 P(HTH|biased) = P(H|biased).P(T|biased).P(H|biased) =4 .1/4 . % =
9/64

* Biased coin hypothesisis slightly more likely



Multiple Hypothesis Testing
seq=HTHHHHHTHTHTTTTHHTHTTTHHTTTHHHTHHTTTHTTT

* What 1s the likelihood of this sequence under each hypothesis?

Under fair hypothesis P(seq | fair) = (%)40 =9.10-13

Log-likelihood log P(seq | fair) = 40.log(1/2) = -12.04

Under biased hypothesis P(seq | biased) = (2)19 (2)21 =9.10-16
log P(seq | biased) = 19.log(3/4) + 21.log(1/4) = -15.01

 Fair hypothesisis more likely than biased hypothesis



Conditional Probabilities

» P(x|F) = TL, P (x) =

1 3k 3k
* P(x|B) = HIiV=1PB(xi):m4—k = an

* P(x|F) > P(x|B) — dealer probably use a fair coin k <

(k is the number of heads in x)

log, 3
* P(x|F) < P(x|B) — dealer probably use a biased coin k >

ng 3

* Log odd-ratio : logz LD =y, log, Bﬁx% =n — klog, 3

P(x|B)




Markov Model of Fair Bet Casino
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* We observe a sequence coin tosses HHTTHTHHTHHHHTT

* How can we predict when the coin was fair/biased ? e.g. the most
likely sequence FFFFFFBBBBBBBBEF that resulted in this outcome ?



Fair Bet Casino Problem

* Given a sequence of coin tosses, determine when a dealer used a fair
coin and when he used a biased coin

* Input : A sequence x=xx,...x, of coin tosses (either H or T) made by
two possible coins (F or B).

* Output : A sequence ™ = myT,... T, with each m; being either £ or B
indicating that x; 1s the result of tossing the fair or biased coin,
respectively.



Is this even possible?

e In ractice, any sequence w = 1m+1,... T, can generate any outcome
11¢2 n
X=X1X5...X,

* We are interested in the most probable sequence  that explains the
outcome x

e Fair coin : PF'(H)=PF(T)=1/2

* Biased coin : P*(H)=3/4, P"(T)=1/4



Markov Model of Fair Bet Casino
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Hidden Markov Model of Fair Bet Casino
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Hidden Markov Model

* An abstract machine with ability to produce output by coin tossing

* At the beginning, the machine is in one of the £ hidden states
(Fair or Biased in case of Fair Bet Casino)

* At each step, HMM makes two decisions :

* What state will I move into (Fair or Biased)
* What symbol from an alphabet £ will I emit (Head or Tail)

* The observer see emitted symbols, but not HMM states

* The goal ofthe observer 1s to infer the most likely state by analyzing
the emitted symbols.



HMM : formal definition
Formally,an HMM M i1s defined by
* An alphabet of emitted symbols X
* A set of hidden states QO

* A|Q|x|QO| matrix of transition probabilities 4=(a;;), where a;;1s the probability
of changing to state k after being in state /

A |QO|x|X| matrix of emission probabilities E=e,(b), describing the probability of
emitting the symbol b during a step in which the HMM 1is 1n step &



Back to the casino fair bet problem

* Each row of the matrix A4 1s a state die with |Q| sides
* Each row of the matrix £ is a state die with |X| sides

* The casino fair bet problem M (2,0,4,E)
« Y ={0,1}, corresponding to tails (0) or heads (1)
* O = {F,B}, corresponding to fair (F) and biased (B) coin
* arr=app=0.9, arg=apr=0.1

o ex(0)=1/2, ex(1)=1/2, ep(0)=1/4, es(1)=3/4,
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Casino Fair Bet problem : example

x o 1 0 1 1 1 0 1 0 0 1
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Decoding Problem

* Goal : Find an optimal hidden path of states given observations.

* Input : Sequence of observations x=x; . . . x, generated by an HMM
M(P, 0, A,%).

* Output: A path that maximizes P(x|m) over all possible paths

=Tt Ty ... TT,,.



Viterbi Decoding

Developed by Andrew Viterbi, 1967




Viterb1 Decoding

Given the observed states, what is the most likely path in the hidden state ?
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Viterb1 Decoding
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Viterb1 Decoding
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Sk probability of the most likely path to state k€ Q atstep 1 < i < n, given the
observation x{ X, ... X;



Viterbi Decoding
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The most likely path to /,i+1 passes from ki forsome 1 < k <m

The likelihood of the optimal path to /,i+/ equals the maximum of the likelihood

of the path £, , times the transition probability from state k to state 1, and the
emission probability ¢;(x; ;) for1 <k <m

Spi+1 — MaXyeo {Sk,i-akl € (X))}



Viterb1 Decoding
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probability of the optimal path at last step », 1s the maximum s, , fork € Q



Finding the optimal path
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By recording the maximal state at each step, we can compute the hidden states
1T, ... T, that maximize p(x{ X, ... X,|T17T5 ... 7T, )




Forward & Backward algorithms

* Given observation x and stat £, what 1s the probability P(m; =k|x) that the HMM
was at state k at time 7 7

P(x|mi=k) = P(xq, ..., xn|m;=k) = P(xq, ..., xi|m;=k) P(x;.; xn|m;j=k) =
J(D)Dy(i)

* /i the probability of emitting prefix x;,...,.x; given m;=k.
* P(m;=k|x) is affected not only by the values x,,...,x; butalso x;,,,...,x,
* b, ; the probability of emitting prefix x;,;,...,x, given m;=k.

* fr;and by ;using an iterative method very similar to what we saw 1n the previous
slides.



Forward & Backward algorithm

* /. can be computed using the following iterations :

Jei = Zllel,i—].alk .ek (xi)

Maximization replaced by summation

* b, ; can be computed using the following iterations :

by; = ZIEQ by -akl el (xiy;)



Complexity

Viterbi decoding works in #|Q|? time

Because each step involves multiplication, we might end up with
overflows (very small/large numbers)

To avoid overflows, we can switch to logarithmic space by defining S; ,=log sy ;

Siiv; = maXy.o { Sk1 tlog(ay )tloge; (x4 1))



Estimating HMM parameters

* How to estimate parameters from transition probabilities
Q and and emission probabilities X ?

x!, ..., x™ : training sequence

Find maximum likelihood X and Q from x/, ..., x™
maxs [[72, P(¥ |2, Q)

Optimization 1n multi-dimensional parameter space X, Q)



Supervised & unsupervised estimation

o If for each x’ , we now the corresponding hidden state i’ , the
problem 1s easy

 If m' are unknown, the problem is more difficult.



Parameter estimation in Supervised case

* A;;: the number of transitions from state £ to state /

* £,(b) : the number of times b emitted from state k&

Akl Ek (b)
A, = ex(b) =
. ZCIEQ Akq ¥ Zan Ek (0-)




Baum-Welch iterations (unsupervised case)

* Guess initial state labels i’ for each input x’ and
perform the following iterations :

 Estimate © from labels 7!

* Compute optimal states m’ from O and x* using
Viterb1 decoding



